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Sequences and Series



The sequence dx:tiiall (1-4)
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an=a(n)=<a,> = {a,}=

Remark:-

1 we of ton call (a,) the (n) the term of the sequence
2 The sequences divided two:-

a/The sequence is finite.

b/ The sequence is in finite.

a1 ={a,a,,a,,a,,8,,a,,a,,8,,a,,a, = finite.sequence
{a, 17, ={a,a,, 85, } = inf inite.sequence

EX1:- Find the sequence of
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EX2:- Find the sequence of

{n i }izl

sol : —

an :{nz}nj

a, =(1)°=1
a, :(2)2 =4
as :(3)2 =9
a, =(4)°=16
a, =(5)° =25

a, =<14,916,25 >

EX3:-if the a,<1,2,3,4,5> defined by function of sequence

sol : —
an=f(n)=n
{an }i=1 = {n}izl
a=f1=1
a,="1(2)=2
a,=f(3)=3
a,="f(4)=4
a;,=f(5)=5

EX4:-if the ( a,) defined by function of sequence

a, =<1,/2,4/3,2,+/5,4/6,/7,/8,3 -

Sol:-
a =f(n)=+vn

{an }::1 = {\/ﬁ}:):l

y=a, Oy X=N OB dxliia Lﬁ‘ ay die —radaa Dl

Increasing and Decreasing of sequence adliiall g 34 jial) dagliiall (2-4)

1 An Increasing sequence {a,}:- is a sequence for which a,.;> a, for all (n) but we say
the strictly increasing sequence {a,} is a sequence for which a,.;>a, for all(n).

2 AD creasing sequence {a,}:- is a sequence for which a,.;<a, for all (n) but we say the
strictly d creasing sequence {a,} is a sequence for which a,.;<a, for all(n).

3 A monotonic sequence:- is a sequence which is either in ceasing or decreasing



EX:
an=1{1,1,2,2,4,4,32,32,...}
increasing sequence & e > a, bl s daglial) s3a

an=9{1,2,2,3,3,3,44,4,4,555,55,...... ... }
increasing sequence G e > a, bl Cisia dagliial) s3a

ar—= {2,4,8,1632,......}
strictly increasing sequence (3 @y > ap b il Ciia 4l oa

ar= {2,3,5,7,11,.....}
strictly increasing sequence (Y @ > ap bl Ciia 4l oa

a= {5,5,4,4,3,3,2,2,1,1,0,0,....... }
decreasing sequence G aeg < a, bl s daglial) o3a

a={-2,-4,-6,-8,-10,-12,.....}
strictly decreasing sequence o) e < @, bl Cidia Aaliiall oda

an={1,-1,1,-1,1,-1,.......}
an= neither increasing and decreasing

Bounds of sequences su8al) daliiall (3-4)

1/ If there exists a constant (h) such that a,.< h for all values of then the sequence {an} is
said to be bounded upper.

2/ If there exists a constant (h) such that a,> h for all values of then the sequence {a} is
said to be bounded down.

3/ we say of any sequence is bounded if have upper and down bounded.
CBaie el Y ale (<G Jas JauY) (e s o i 1o V) (e Bk dagliiall CailS 1Y) -:1AkaDl
-2 ddaadl
1-lim, (1) =0
n

2—lim_, c=c
3—-lim__ x"=o00,x>1
4-lim,, x"=0,0<x<1

Converge and Diverge of sequences 3asliiall g 4 ial) dagliiall (4-4)

sequences {a,} is said to be convergent if {a,} has limit and
lim, a, . . -
IS exist but we say the sequence is diverge when the

lim, . a, dose not exists



EX1:- Is a,=n converge or diverge
Sol:-

lim, __a,=lim _,_n=oo

The limit does not exists the ( a,) is diverge

EX2:- Is a,=1/n converge or diverge
Sol:-

a,=1/n
{a,}=01/21/31/4,......}
lim . (1/n)=1/0=0

The limit exists the ( a,) is converge

EX3:-Is a,=(3+2n/5+n) converge or diverge

Sol:-
3 2n 3
—+— —+2
. 3+2n n n n
II N—s00 = 5 n :Ilmn*)wS—
5+n °.n ° 1
n n n
3
o2 042,
§+1 0+1
o0

The limit exists the ( a,) is converge

4a e (5-4)
If the sequence of real number {a,} is convergent then {a,} bounded
2 le —> 5210
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EX1:- Is a,=1/n converge or diverge
Sol:-
i 1 1
lim, _, —=—=0
n oo

The limit exists , a, convergent

o,
a, =9—

n n=1
a, =1

1
a, ==
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a=loo
o0

The upper bounded =1, the lower bounded =0 the sequences bounded.
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EX1:- Find the convergent or divergent , bounded or un bounded , incersing or decersing
of the sequence

{n +1}°°
n2 n=1

n N 1 l+ 1
iim, ,a, =tim, . "t _jim 0% 0® g, 0 on®_
n—oo an - Imn»oo 2 Imnaoo 2 - Imn—)oo -
n n
nZ
1 1
o () _0+0_0
1 1

The limit exists =0 the sequence is convergent

1+1
l = 1_2 =
=2%1 075
(2)
=210
3)
=2 o1
(4)

a, =<2,0.750.44,0.31,.... >

The sequence is bounded of upper =2 but does not bounded of lower (down) the
sequences does not bounded

a, =<2,0.75,0.44,0.31 >~

a,., <a,

n+1

A strictly decreasing sequence



EX2:- Find the convergent or divergent , bounded or un bounded , incensing or
decreasing of the sequence

an = {(_1)” }::1

sol : —

8, = { _l)n}n 1
a,=(-1)'=-1
a,=(-1)"=
a, =(-1)°=-1
a,=(-D"=1

<a, ==<-11-11-11,....>

The (a,) is either increasing or decreasing the a, = (-1)" is monotonic

e el ¥ 40 dalite JS o) 4 kil s
The a,=(-1)"is divergent
The a, = (-1)"is bounded because has upper bounded = 1, lower bounded =-1

Series «Mwdaia (6-4)

Do il (Aadudall) Zagliiall 3 gas & gana e 3 le (o8 g - luludall

& ol d
Sn :zan

n=1
;=9
82 = al + 612

S;,=a +a,+a,
s,=a,+a,+a,+a,

S, = +a, +a; +errrenn. +a

6_,}‘3\ ally =2 ady C)J (GITEN
(ol g saaall e S
5,1 03l gl dasltia o

n=1



Copand ) bl ads

1/ finite > S, = > a,

n=1

2/infinite > S, =>"a,
"~ e gl (M) O S

4
EX1:— find the.serie, S, = > =
n=1 n

EX 2:—find the.serie,S, = > n® +1
n=0

sol : —

s, = (0)2+1=1

s, =1+(()*+1) =3

s, =3+((2)*+1) =8
s, =8+((3)? +1) =18

E ldadial) Ao L g o ylas (7-4)

Alalicid) et 4l 131 dlaluiall 4la¥) dagliiall Hlial DA (e elld g cOlaluiall aclii g )& sl oy
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EX1:- Find is series convergent or divergent of
S,=>.n?
n=0
Sol:-

_ 2 2
S,=>.n*=a,=n
n=0

lim,_ a =lim __n?=(x0)*=0w

The sequence (a,) is divergent
The series (S,) is divergent



EX2:- Find is series convergent or divergent of

s, =31

n=1 n

Sol : —

a = In(Zn) —lim_ In(2n) _ |n(002) =2 _ Lopital Rule

n n (0)° oo

1

:Iimn—)wlzlimn—moiz: 1 2:£:
2n 2n°  2(x©)° oo

The sequence (a,) is convergent
The series (S,) is convergent

O waliial) £168 (8-4)

1 The Arithmetic progression
Lasl) Aadoial)
Def:- Arithmetic progression:- is series whose (n) the term is

a, = (a +(n-1) d) where (a) is constant (d) is called the common difference of the series
the (n) the partial sum (s,) of arithmetic progression.

Sh=n/2[2a+(n-1)d]

Js¥hasll e cpma ol ) > 5l ol ddlia) e Lail i dpaned) ) Gl 5 -4l
Ex1:- Find the (n th) partial sum of the series ( 5,+2,-1,-4,-7,-10,-13,.....)
Sol:-
The series is arithmetical progression a=5, d=-3
Sh=n/2 [2a +(n-1) d]
Sn=n/2 [ 2(5)+ (n-1) (-3)]
Sn =n/2[10-3n+3]
Sh=n/2 [13-3n]
a, = [a+ (n-1) d] = [ 5+(n-1) (-3) ]

2 The Geometric progression

dwigl Aluduiall
Geometric progression:- is series whose (n th) term a, =ar"™* where a , and r is constant
to the (nth) partial sum (S,) of a geometric progression

1-(r)#1]r|>~1

5. = a@l-r")
1-r

2—|r|=1

S,=na

3-|r|<1

s =&
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EX1:-Find the (n th) partial sum of the series (1-2+4-8+16-32)

Oo Aladusid) ) ittt (-2) N (A L s o e I seanll 5 Ll 2 o3le | Alulusiall AaaSle (o - sl
r=-2 s Adldad W Ja¥ladl dicd a=1 o) Cas dpuigl g 1l
_al-r) _10-(2") _1-(2)" _1-(-2)"
" 1-r 1-(-2) 142 3
a, =ar" =1)(-2)""

S

EX2:- If the series convergent or divergent

S 3
S =
" nz;‘lO”
Sol:-
>3 3 3 3 3
S, = =—+ +— +
" ;10n 10 10° 10° 10"
3 3 3 3
=t ——t———F e, +
10 100 1000 10"
3
2.3 % _l00_ 3 10 10 1
10 a 3 100 3 100 10
10
r=i<1
10
. S, convergent
*edpudigl) Aaduciall dalal) ddsal) (lLE) * %
Dar=a+ar+ar’+ar’+.... +ar™?
n=1
S,=a+ar+ar’+ar’ +........ +ar"
S, =ar+ar’ +ar’+ar® +........ +ar™ +ar™

S, —rS,=a-ar"
S, A-r)=al-r")
_a@ld-r")
o(A-n)
r|=1= S, — divergent ke
r|~1=S, — divergent

r|<1=S, — convergent



3 The Harmonic series
4.88) ¢1) Alabiiall
Whose (n th) term is (1/n) is called the harmonic series:-

5, -5

n=1 n

4 The AL-ternating series
L gliial) edaaodiall
If a,> 0 for each (n) the series is called an AL-ternating series

S, = (-
n=1

5 The P- series
P Al

Given any number (p) the p- series is the series:-
=1

n=1 np

n

6 The General series
Aalad) Alododial)
i 1
" “n(n+l)

All the (3-6) are not have (n th ) partial sum of series

Theorem

e} o0

DI

n=1 n=1

[ee] 0 [ee]

if.s,=> (a,4h,)=>a,+> b,

n=1 n=1 n=1

1> a,convergent, » b convergent

n=1 n=1
.S, =convergent

2) a,divergent, > b, ,convergent

n=1 n=1
- S, =divergent

3> a,convergent, > b, divergent

n=1 n=1
.S, =divergent

—adld lililitie Wl cnlS 1)



7 Power series

54 Judhs
-g;’y‘ dS.;ﬁ\ hu} (n) L@J u.nY\j (X) L@J u.an\}“ allliia u.c EJL.\Q ‘;ﬁj
m-1
n

S,=) ax

n=0

0 1 2
S, =X +a,X +a,X +.....+a,X"
2

S, =8, +a,X+a,X +....+a,x"

e 58l Alulidia (e Cue 55 Slllia
**Tylor 's — series
AU Alududia
" 2 m 3 n n
L f@e-a)’  fr@e-a)’  frE@x-a)
2! 3 n!
(M) O o Aigmn 58 e I A5 8 saine A L) UG Alalia slag) 2 el D 055 of s
(N) J) ey (oansis

f(x)=S, = f(a)+ f'(a)(l’:‘a)l

EX1:-
Find of the Tylor 's —series of f(x)=(x+2)® at a =2

fa=2)=(2+2)° =64

f'(x)=3(x+2)2 = f'(a=2)=3(2+2) = 48
f7(x)=6(x+2) = f"(a=2)=6(2+2)" =24
f"(x) = 6, stop

48(x—2)'  24(x-2)> 6(x-2)°
.
=64+ 48(x - 2) +12(x = 2)° + (x - 2)°

(x+2)° =64+

EX2:-
Find of the Tylor 's —series of f(x)=e*ata=1

fla=1l)=e'=¢e
f'(x)=e*1=f'(a=1)=¢'=¢e
f'(x)=e*1=f"(a=1)=¢e"=¢
f"(x)=e*1=f"(a=1)=e"=¢e

f"(x)=e"1=f"(a=1)=¢e"=¢

1 2 3 n
e —e ST e(x=D  e(x=17 L 8D
1 2! 3 n!

***Mclaren -series
G sisbe Alida
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f(x)=S, = £(0)+ f'(0)(x)" N f"(0)(x)* N f"(0)(x)° L PO
1 2! 3 n!
EX1:-
Find of the Mclaren' —series of f(x)=e* ata =0

f(a=0)=e’ =1

f'(x)=e*1=f'(a=0)=e’ =1
fr(x)=e*.1=f"(a=0)=¢’ =1
frx)=e* 1= f"(@a=0)=e’ =1

f"(x)=e"1=f"(a=0)=e" =1

1 2 3 n
ex=1+1(x) +1(X) +1(X) + e +&
il 2! 3l n!
2 XS Xn
e =1+ X+—+—+Frrr +—
21 3 n!
EX2:-
Find of the Mclaren' —series of f(x) =1/x ata =0
f(x)=2
X
f@:@:%:w
, -1 -1
===

The Mclaren —series dose not find

3 gaal) dua ga i ladudiall oY) L3 (9-4)

Al lasl
Al sl
ol las)
Jalsal) sl
Ol sl

F=> iti : c
) Zla PO Ratio-test 4!l JLIA) (29-4)

. a,+1

P=Ilim , — *

a

1p <1, convergent
2p >1,divergent

3p = 1fial

n



EX1: By using Ratio-test of series convergent or divergent of

sol : —
p=lim 1 a 2 a .= 2™
n—o an ' n 1 P+l n+1
2n+1
n+1
p_limn»oo n+1_|imn»oo 2 l
7“ n+1 2"
n
) 2"2'n
p=Ilim _,, ————
2"(n+1)
2n
. 2n . no . 2
p:IImn—)N_zllmnew—:“mnaw—
n+1 Q+E 1+1
n n n
2 2
p:—:—:2
1+i 1
0.0]

p =2 >1 divergent

EX2: By using Ratio-test of series convergent or divergent of

S, =in+l

n=0 3n
sol : —
. a, . n+1 n+1+1 n+2
p = Ilmﬂ~>00 ’a‘n = 3n 1N+l = 3n+1 = 3n+1
n+2
. 3mt n+2 3
=lim =lim R——
p nN—o0 n+1 n—o0 3n+1 n+1
3n
p = lim 3'(n+2)
" 3"3(n+1)
p—lﬁ n+2
3 " n+l
1 D+g 1 1+
p==lm,,, 1—0="lm,, —
3 n 13 141
n n n

p= % <1, convergent

Root-test jiall il (b9-4)

(N) Y Jend 3 Aluduiall Jai Lasy) 138 a2iiy

1

P=lim,, %a, =lim,_, (a,)"



Ly il

1p <1, convergent

2p > 1,divergent
3p =1fial
EX1: By using Root-test of series convergent or divergent of

=1
S, =

2oy

0 l 0 1 . 1 1 E
S = = ) =1im n[(Z)" = ((Z)")n
n ;(n)n ;(n) o (n) ((n) )
Iimn—mol:lzo

n oo

p =0 <1, convergent

EX2: By using Root-test of series convergent or divergent of

Il
=
>
\
8
S
/N
>
N
+ H
>
N
p=l
|
=3
Il

p=lim,,, —*
n- +n
1 1 1
2 2 2
p=lim,_, 1" —tim,,, - ()
n> n - 1
724'72 1+* 1+*
n n n ©
0
:—:0
P 1+0

p =0 <1, convergent

ok aa ) gl)k
Q1/ Find the sequence and draw the sequence



Q3/ Is the sequence is convergent or divergent

n?+2n
l/a, =—;

n-+1

1
2/an :n—2

Q4/ Find the convergent or divergent , bounded or un bounded , incensing or decreasing
of the sequence

1/a, =sin(2)
n

2/a, =sin(n)
3la, =n+1
4/a, -

2

Q5/ Find the convergent or divergent of series

1/, =3 14>
n=1 n
© n®+5n
2/S =
; nz;‘n“—G
= n?-5
3/S =
" nzzc‘; n+1

Q6/ Find (n th) partial sum and (n th) term of the series
1/S, ={3+8+13+18+23+28+......}

Q7/ Find the Tylors-series of f(x)=x*+4x at a=1
Q8/ Find the Maclourn —series of
1/ f(x) =sin(x)

2/ f(x) =cos(x)

Q9/ By using the Ratio-test find convergent or divergent



Q10/ By using the Root-test find convergent or divergent

S

=R

n

Q11/ Find the value of (c) that satisfy Roll theorem of f(x) = x*+3x-1; [-3,-1]



