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Fourier sevies . Judw (3-8)

Periodic functions 4 sl J) sl
A function f(x) is said to have a period (p) or to be periodic with period (p) if for f(x) =
f(x+p) ....1where (p)is a positive constant .the least value of (p>0) is called the least

period or simply the period of f(x)

EX1:- The function (sin(x))has periods (2I1,4I1,6I1,...... )since

sin(x+ 2x) =sin(x)
sin(x+4rx) =sin(x)
sin(x+67x) =sin(x)

However 2I1, is the least period or the period of (sin(x))
EX2:- The period of (tan(x)) is (IT)
EX3:- The period of (sin nx) or (cos nx) where (n) is positive integer (2I1/n)

EX4:- A constant has any positive number as period, meaning the function f(x)=c is
constant f(x) is also periodic function because it from eq(1) for positive (p)

EX5:- The function that are not periodic are { x,x*,x°,e*, In(x),......}

A0 90 95 yalluna Alla Ladla Al Adlal) -;ddasla

Fourier series

From eq(1) we have f(x+2p)=p(x+p+p) =f(x+p)=Ff(x) and for any integer (n) f(x+np) =
f(x) for all x...... 2 have 2p, 3p, 4p, ....are also period of f(x).

Notel

If f(x) and g(x) has a period (p) ,then the

h(x) = af(x)+bg(x), a,b are constant also has aperiod (p)

Note2

Cos(x), sin(x), cos2(x), sin2(X)...... ,cosn(x),sinn(x), which have the period 2I1



Note3

The series that will arise in the will be of the from ag+a;cos(x)+b;sin(x)+a,cos2(x)+b,sin2
(X) +a3c083(x)+bzsin3(x)+......... + apcosn(X)+b,sinn(x)....... 3

Where ag,a1,ay,.....a5, b1,bo,....... b, are real constants.

Such a series is called a Trigonometric series and (a,) and (b,,) are called coefficients of
T.S we may write the series by:-

1 T

a, =— | f(x)dx

0 zﬂ_jﬁ (x)
17[

a == j f (x) cos m(x)dx
72-—7[

b, = L T f (x)sinn(x)dx
72.—7[

EX1:- Find the Fourier series of the periodic function:-

f(x):{—k,—n<x<0}

kO<x=<rx

sol : —

1 0 V4
a, =§u— kdx+£kdx}

N P
27

:zi[_k<o)—(—k<—n»—«k7r>—(k(0>)]
T

:i[0+k;z—kn—o]=o
21

a,=0

0 V3
a, = i[ [—kcosn(x)dx+ [k cos n(x)dx}
4 - 0

_ E[L”(X)} ; Esin n(x)T -0

7| n .
a, =0
1 o T
b, =— j—ksinnxdx+J.ksinnxdx}
7[_—72 0
[y o]
b, =—|—cosnx| —|—cosnx
zln _Ln .
b, = * [cos(0) — cos(—nz) — (cos nz + cos(0)]
nz
b, :L[l—cosnﬂ—cosmwl]
nz
k
b, = —[2-2cosnr]



bn = &[l—cos nz]
nz

n="h = 2—k[1— cos(z)]= %[1_ -1]= 4k
7 T

n, = b, = 2 [1-cos2(s)]= 2 1-1] -
n, =b, = 2k [1 cos3(7)]= 2k [1 (-D]= 4k
n,=b, = 2|([1 cos 4z ]— [1 1]=0

T 47
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Fourier 4ulw ay, a,, b,

f(x)=a,+_(a,cosnx+b, sinnx)
n=1

£(x) =0+ ((0)cosnx +b, sin n)

n=1

f(x) =Y b, sinnx
n=1

In general if P=2L period of periodic from then

f(x)= a0+Za cosn—+b sin \%
—ry L L

EX:- Find the Fourier series of the function
0—2<x<-1
f(x)=<k~-1<x<1
01<x=<?2
p=2L=4->L=2



f(x)=a,+) (a, (:osr]T”xmn sinnT”x)
n=1

1 % 13
a, =— | f(X)dx==| f(x)dx
0 2L_jL() 4_J2()

-1

-1 1 2
jodx ¥ jkdx+ J‘de}
-2 1

1

4
1

a, =% Ikdx} :%[kx]ll =%[k+k]

L -1

k

2

1

1% nz
Xdx = = J' f (x) cos —xdx
27, L

L
1| Nz k 2 nr |
jkcos—dx :—.—[sin—x}
2 nr 2 |,

(1F/4 2 Nz 2
a, :&sin(n—ﬂ)
(1F/4 2
2k . 7« 2k
n =a =—s;sin(=)=—
V.4 2 Vi
n,=a, =£sin(2—”) =0
T 2
n, =a —2—ksin(3—”)——_2k
% 3 2 3k
a, :2—k, =159.......
nz
a, _ =2 h_3741..
nz
a, =0,
b =

Jgall )68 Judla Fourier series even and odd functions (4-8)
A 5301 9 Aga i)

F(x) =2, + 3 (a,conn(x) +b, sinn(x))

n=1
f(x):5+%—2—k+2—k—&+ ....... +0=b,
2 = 3r 5n Irn



Even and odd functions:- a function y =g(x) is said to be even if g(-x)=g(x) the graph of
such function is symmetric with respect to the y-axis

f(x)

even function

_/

Cos(x)

A function y =h(x) is said to be odd if h(-x)=-h(x) y=sin(x) is odd function

Odd function

Note:- the product k =g h Kk(-x)=g(-x) h(-x)

g(x) h(-x) =-

k(-x)=negative is odd

Theorem:- Fourier series even and odd functions

Fourier series of a, even function f(x) of (2L) is a(Fourier cosine series)

f(x)=a,+) a, cosnTﬂx

1L F(x) is even with coefficients
8=+ [ £ (0)dx
0

2§ nz
a, =—_[ f (x)cos—xdx,n=1,23......
L L

b,=0
2L=2rx

ao=ljf(x)dx
72-0

a, = g'[ f (x) cos nxdx
4 0

b, =0

n



The Fourier cosines series

ol Cual) Aluluial Sl JSa s
F(X) = ag+a;cos(x) +acos2(x) +......... +a,cosn(X)

Lﬁﬂ\quthﬁjdw;\ ca).hsse\.dg_gadjhyg\ ﬁM%JJ\M\JB)ﬁM\ ﬁ)}muﬁ\a
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Similarly the Fourier series of a, odd function f(x) of 2I1 is Fourier sine series

2 ¢ nrz

b, =—f f (x)sin—=xdx....n=123
Ly L

=L

b, =£'f f (x)sinn(x)dx.... L
T

a,=0,a,=0

The Fourier sines series
ol Al il S

F(X)= bysin(x)+b,sin2(x)+ bzsin3(x)+....... bpsinn(x)
a0=0, a,=0

SiN(X) 18 cunll 3gan W) jelai W 4 jall Allad s Hlalall 558 Alulisia
Theorem:-sum function

The Fourier coefficient of sum f,+f, are the sums of the corers pounding Fourier
coefficients of f;and f,
The Fourier coefficients of the (cf) are © time the corresponding Fourier coeff icint

EX1:- find the Fourier series of the function f(x) = x +I1 if -II<x <II of f(x+21I1) = f(x)

sol : —

F(x) = f,(x)+ f,(x)

f(xX)=x,f,(x)=7x
1 1

8=~ ndx :E[x]”ﬂ =7

a = 1 jﬂcos n(x)dx = E[sin n(x)]". =0
7o n

— Tzsin n(x)dx:{_—lCOS n(X)T
-z n -

G=—
T

b = #[cos(n;r) —cos(-nz)]=0

n



f,(X) =a, +>_a, cosn(x) +b, sinn(x)
n=1

f,(X)=n+ i(OCOS n(x)+0sinn(x)) =x

f,=x

25 nz
~.a,=0,a, =0,b, :d fy (x)sin == xdx

b, = gJ.xsin n(x)dx
72.0
u = X,dv = sin n(x)dx
du=dx,v= _—1cos n(x)
n

= uv—J'vdu

b, = EHMT + E]T.cos. n(x)dx} = _Tzcos nz

"o n o N9

b, =2,b, =-1,b, :%200537[=§,b4 :_Tzcos4zz=7

f (x) = an sinn(x) =b, sinlx+b, sin2x + b, Sin3x +.......
n=1

= 2sin X —sin 2x+§sin X+
f(x)=f,(x)+ f,(x)

f(X) =7 +2sinx—sin 2x+§sin3x+ ......

Helf —Range expansions (5-8)

1/ Full- Range -L<x<L
2/Half- Range 0<x<L

Half —range cosine series for (even f(x))

Half-range sine series for (odd f(x))
The cosine half —range expansion is:-

f(x)=a,=>a, cos % x
n=1 L
1 L
aoztlf(x)dx

2 nz
a, :—j f (x)cos—xdx,n=1,2,3,.....
L L



The sine half —range expansion is:-

f(x)=a,=>b, sin % x
n=1 I—
L
b, =2 [ £(0sinTxdx,n =123,....
L) L

Ex:- find the two half- range expansion of the function

2—kx,if0<x<1
2k L
—(L X),if =—<x=<L
2
sol :—

evev. periodic.exp ansion

- nz
f(x)=a,+> a, CoS —= X
n=1

a, = 1JL. f (x)dx

——j— xdx +—j(L x)dx

2
L

—i(z—k{—}o )+2kjdx——fxdx_g

ao :E

2 nz
a, =—| f(x)cos—xdx
o= f(cos=
L
2
2I<J‘xcosn—7[x+—‘[(L x)cos—xdx
0 L

2




- . nzx L n
= sin— ———|cosnz—cosh—
2nz 2 n°rx 2
212k, > . nz L? nz nz L2
=—|—( sin—+ (cos— —1-cosnx)+cos—) —
LI L 2nx 2 2 2 2nr
2
:ﬁ L (ZCOSI'I——COSI’VZ' 1)
L* | n°z? 2
a, =£2"—k2{2cosnn—”—cosn7z—l}
n°k 2
a, = 4k[2005——cos;z 1} 0
V4 2
a, = ———|[2c0s 7 —cos 2z —1]= sz
(2)*n? 2°m

4k 3z
a,=——(2co0s— —-cos37-1)=0
3 32”2( 2 )

4k 67 4
ag = W(2c057—cos6n—l) = 577

a,=0,n=26104,.....
k & nzx
f(X)=—+ ) a,cos—x
(x) > Z n COS
f(x )—5—@(icos2 v L oos
L 6° L
odd, periodic.exp ansion

f(x) = a, +ansinnTﬂx

n=1

2§ . nrx
b, = —I f (x)sin TXdX’ n=123,....

n

L
_ETZ_ sm—xdx+j—(L x)sm—zzdx
Ly L

2

8k (%4
b, = 73 n—
8k . & 8k
bl = —ZSIH(E =—
8k 2
b, PEp >sin—=0
b 8k in3_7z -8k
23 2 9r?
8k .
b, = PP sin2z =0

nx

sin —

2



f(x)=2bnsin”T”x
n=1

8k| . & 1 . 3r 1 . 57
f(X) =—|sin—X——-sin—X+—sin—X+......
/s L 3 L 5 2

Gamma function (6-8)

The Gamma function dented by is defined by

Which is convergent for n >0 and recursion or recurrence formula for the Gamma
function is

I'n can be determined for alln > 0
when the values for 1<n <2 in particular if (n) is positive integer

n+1= nﬁ.. =nlba

for this reason I'n is sometimes called the factorial function

|
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_\(h+1) ..
o= [0 e

EX1:-

find) 2

sol : —
/)2 = Ji+1
Jn =Ja+i-n

2/)n =n)n =n!
J2=11=1

Gk sade aladiul (2) 22l LalSl) dad dlag) oty i g

3/)2 = Tx"*lefxdx = Tx“efxdx = ]'Oxefxdx
0 0 0

u=x,dv= .[e*"dx

du=dx,v=—-e"



= uv—Tvduéis'a

[ee)

0
=[-xe™ ] ~[-e7dx=0+[-e*] =-0-(-p =1
0
J2=1

EX2:—
findGamma. function

e
2J6

)4=)3+1=31=3x2x1=6

)6 =)5+1=5l=5x4x3x2x1=120

E = Tx”‘le‘xdx = sze‘xdx
0 0

u=x°,du =5x*dx

—X

dv=e,v=—e
76 = [- xS | —T—e*XSX“dx
0
=O+5Tx4e’xdx=0+5 5=5)4+1
0

=5x4x3x2x1=120

EX3:—
findGamma. function
-1
)(7)
sol : —
T_ (n+1)
n
— ]G ]

— = L= = n(=2
)2 1o
2 2

)—_1—_2@
2
EX4:—
findGamma. function
|6
4

sol : —
1/)4=3)3=3=6
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2/E=ﬁ:}3+1=3ﬁ:352+1=3(2)=6

Gkl U (8 LS s ol (e JS WIS idaadle

EX5:—
Prove)n+1=n)n =n!

sol : —

n+1= Ix””‘le‘xdx = _[x”e‘xdx
0 0

u=x",du =nx""dx

X

dv=e"dx,v=—-e"
=uv— fvdu

0

= [— x"e ™ ]Z,O —I—e‘xnx”‘ldx
0

=0+ nje*Xx”*ldx

m =0+ nﬁ =n!
Beta function (7-8)

The Beta function ,denoted by B(m,n) defined by:-

1
B(m,n) = Jxm’l(l— X)"dx —> Léa
0

T

2
B(m,n) = 2jsin(9)2m-l cos(0)>" 1 d O —» Lia
0

S SN Ly ya Sy Ly Al g LalS Al e A8 jidie 48Dle llia

JmJn

(m+n)

B(m,n) =

Ex1:-
find : B(mn) = [ x*(@—x)*dx

sol : —
m=5—->m-1=5-1=4
nN=4—->n-1=4-1=3

1
X" (1—n)"tdx = jxf’-l (1—4)*dx
0

O e



B(m,n) = B(5,4)_ Jm)n _ )5)4 _ 43

Jm-+n >5+4 8l

(4x3x2x1)3x2x1) 1 1
(Bx7x6x5x4x3x2x1) 8x7x5 280

B(m=5n=4)=

Ex2:-

find...B(m.n) = Tsin“(@) cos®(9)d ()

sol : —

3
B(m,n) = 2[sin*™*(9)cos*"*(0)d0
0

om-1=42M_3%_,p3

2 2 2

2n—1:5—>@=§—>n:3
2 2

5
BE
() — Jm)n :E L1

>m+n )5+3 2
2

1+§2' §1+1
2 .1 2] 2
===
1 1+g
2 2
31\1 3 3
_2'2)2 z*/; 4 33 8

9 7:97531\/— 945 4°945 315
)“2 {2'2'2'2' ”} 32

Ex3:-
find...B(mn) = [cos*(6)d0
0

sol : —

T

B(m,n) = stinzm‘l(e) cos*"*(8)do
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